This paper presents a complete characterization of commutative semigroups with the ideal retraction property. These semigroups are those with the property that each ideal is a homomorphic retraction of the semigroup. The fundamental building blocks of these semigroups are the 2-cores and the semilattice of idempotents. Structure for semilattices with the ideal retraction property was discussed in an earlier paper and the structure of the 2-core is described in detail within this paper.
Introduction
A semigroup S is said to have the ideal retraction property provided that S is not simple and for each ideal I of S, there exists a homomorphism φ: S → I such that the restriction φ|I of φ to I is the identity on I.
Semigroups with the ideal retraction property were studied in [2] . Some examples were presented in that paper to show how this property compares with other properties of semigroups which have been studied in the recent literature.
The two basic building blocks for a commutative semigroup with the ideal retraction property are semilattices and the 2-core. This will be revealed in our structure theorem 3. 1 . In what follows we study the structure of the 2-core and refer the reader to [2] for a discussion of semilattices with the ideal retraction property which are proved there to be semilattice trees.
The main result of this paper is a characterization of commutative semigroups with the ideal retraction property [Theorem 3.1].
Section 2 is devoted to the development of an important tool used in the main result.
It is proved that the 2-core in a commutative semigroup with the ideal retraction property 1 also has the ideal retraction property.
We concentrate on the proof of the structure theorem in section 3 and follow with a study of other properties of commutative semigroups with the ideal retraction property.
This property is homomorphic as proved in 3.2, but is not hereditary as demonstrated in 3.3. Using a result from [1] in combination with one from this paper, it is established that a commutative periodic semigroup with the ideal retraction property also has the ideal extension property (see 3.6 ). An interesting alternate proof which is independent of the structure theorem is also provided.
For a semigroup S we will employ much of the standard notation. We use E = E(S) to denote the set of idempotents of S, M (S) to denote the minimal ideal of S if one exists, and for e ∈ E, we use H(e) to denote the group of units of e.
The 2-core
If S is a semigroup and I is an ideal of S, then S is a zero extension of I provided S/I is a zero semigroup.
If S is a semigroup and e ∈ E, then the 2-core of e is defined C 2 (e) = {x ∈ S: x 2 ∈ H(e)}.
Proposition 2.1. Let S be a commutative semigroup.
(a) If e ∈ E, then C 2 (e) is a subsemigroup of S and M (C 2 (e)) = H(e);
Proof. To prove (a) we first observe that if e ∈ E and x 2 ∈ H(e) and if y 2 ∈ H(e), then
To establish the second part of (a), it will be sufficient to show that H(e) is an ideal of C 2 (e). Let x ∈ C 2 (e) and let y ∈ H(e). Then x 2 ∈ H(e), and hence x 2 u = e for some u ∈ H(e). We claim that xy ∈ H(e). Now x · xu = e and multiplication by y yields that xy · xu = ey = y. Since y ∈ H(e), there exists v ∈ H(e) such that yv = e.
Thus xy · xuv = yv = e and xy has an inverse relative to e. Now e(xy) = x · ey = xy and e is an identity for xy. We conclude that xy ∈ eS 1 and e ∈ xyS 1 . It follows that xy ∈ H(e) and H(e) is an ideal of C 2 (e).
To prove (b), let x ∈ C 2 (e) and y ∈ C 2 (f ). Then (xy)
To see this let a ∈ H(e) and b ∈ H(f ).
Then (ef )(ab) = ea · f b = ab, and hence ef is an identity for ab. To see that ab has an inverse relative to ef , let a ′ a = e and
Finally, to prove (c), suppose that x ∈ C 2 (e) ∩ C 2 (f ). Then x 2 ∈ H(e) ∩ H(f ) and it
follows that e = f . Proposition 2.2. Let S be a commutative semigroup with the ideal retraction property
and let e ∈ E. Then:
(b) C 2 (e) is a zero extension of H(e); and (c) C 2 (e) has the ideal retraction property.
Proof. We first prove (a). Let x, y ∈ C 2 (e). Then from 2.1(a), ex ∈ H(e) and ey ∈ H(e). Therefore there exist a, b ∈ H(e) such that exa = e and eyb = e. It follows that eabxy = exa · eyb = e 2 = e and xy has an inverse in S relative to e. Now since S has the ideal retraction property, there exists a homomorphic retraction σ: S → xyS 1 . Then
x 2 , y 2 ∈ H(e) and we have that x 2 y 2 ∈ H(e). It follows that ex 2 y 2 = x 2 y 2 . We obtain that exy = ex 2 y 2 uv = x 2 y 2 uv = xy. Finally, we conclude that xy ∈ H(e).
Part (b) is an immediate consequence of part (a) and 2.1 (a).
To prove (c), let I be an ideal of C 2 (e). Then I = H(e)∪K for some K ⊆ C 2 (e)\H(e).
Define φ: C 2 (e) → I = H(e) ∪ K by
To see that φ is a homomorphism let x, y ∈ C 2 (e). Then in view of part (a) we have xy ∈ H(e) and φ(xy) = exy = ex·ey. Now ex, ey ∈ H(e) so that φ(xy) = ex·ey = φ(x)φ(y) and φ is a homomorphism. To see that φ|I = 1 I , let x ∈ I = H(e) ∪K. Now H(e) ∩K = ∅.
, then φ(x) = ex = x and we conclude that φ|I = 1 I . Finally, to see that I is the image of φ first note that if x ∈ I, then φ(x) = x from above. If x ∈ I, then x ∈ K, so that φ(x) = ex ∈ H(e) ⊆ I.
Corollary 2.3. Let S be a commutative semigroup and let e ∈ E. Then C 2 (e) has the ideal retraction property if and only if C 2 (e) is a zero extension of H(e).
Proof. If C 2 (e) has the ideal retraction property, then C 2 (e) is a zero extension of H(e) from 2.2(b) applied to the semigroup C 2 (e).
On the other hand if C 2 (e) is a zero extension of H(e), then the proof that C 2 (e) has the ideal retraction property parallels the proof of 2.2(c).
3. The structure theorem Theorem 3.1. Let S be a commutative semigroup. Then S has the ideal retraction property if and only if
(ii) e, f ∈ E implies that C 2 (e) · C 2 (f ) ⊆ H(ef ) = M (C 2 (ef )); and (iii) E has the ideal retraction property.
Proof. (⇒) Suppose first that S has the ideal retraction property.
Let x ∈ S and let r: S → x 2 S 1 be a homomorphic retraction. Then r(x) = x 2 t for some t ∈ S 1 . Thus
x 2 t 2 = e, and hence e ∈ E(S). Now x 2 = x 4 t 2 = x 2 · x 2 t 2 = x 2 e and x 2 ∈ Se. Since e = x 2 t 2 , we have e ∈ x 2 S. We conclude that x 2 ∈ H(e), x ∈ C 2 e) and (i) follows.
To prove (ii), let x ∈ C 2 (e) and y ∈ C 2 (f ). From the proof of 2.4, there exist u, v ∈ S such that xy = x 2 y 2 uv. It follows that ef xy = ef x 2 y 2 uv = ex 2 · f y 2 · uv = x 2 y 2 uv = xy, and ef is an identity for xy. Now ex ∈ H(e) and f y ∈ H(f ), so that exa = e and f yb = f for some a, b ∈ S. We obtain that ef = exaf yb = ef abxy and xy ∈ H(ef ).
To prove (iii), we show that E has the ideal retraction property. Let F be an ideal of
E.
We first claim that F S ∩ E = F .
Let f ∈ F . Then f ∈ E, and since f = f · f , we have that f ∈ F S, and therefore
On the other hand, suppose that f ∈ F S ∩ E. Then f 2 = f and f = ex for some e ∈ F and x ∈ S. Now f = ex and ef = e(ex) = ex = f , so that f ∈ F , since f = ef , e ∈ F , and F is an ideal of E.
We conclude, from the two preceding paragraphs, that F = F S ∩ E. Now F S is an ideal of S. Since S has the ideal retraction property, there exists a homomorphic retraction φ: S → F S. Let r = φ|E. Since r is a homomorphism, we have that r(E) ⊆ E. Note also that r(E) = φ(E) ⊆ F S, and r(E) ⊆ F S ∩ E = F . It follows that r: E → F .
To see that r|F = 1
(⇐) Suppose, on the other hand, that the three conditions hold in S and let I be an ideal of S. Then F = I ∩ E is an ideal of E. Note that if x ∈ I, then x 2 ∈ I ∩ H(e), so that I ∩ H(e) = ∅ and thus H(e) ⊆ I. It follows that F = ∅. Let α: E → F be a homomorphic retraction.
Define r: S → I by r(x) = xα(e) if x ∈ I, x ∈ C 2 (e); x if x ∈ I.
Clearly r|I = 1 I and α(e) ∈ I yields that r(x) ∈ I for all x ∈ S. It remains to show that r is a homomorphism.
Let x, y ∈ S with x ∈ C 2 (e) and y ∈ C 2 (f ). Then, according to Proposition 2.2,
We consider three cases (Case 3 has an obvious dual).
Case 1. x ∈ I and y ∈ I. Then r(xy) = xyα(ef ) = xα(e) · yα(f ) = r(x)r(y).
Case 2. x ∈ I and y ∈ I. In this case we have xy ∈ I, so that r(xy) = xy = r(x)r(y).
Case 3. x ∈ I and y ∈ I. Note that xy ∈ H(ef )∩I, and hence H(ef ) ⊆ I and r(xy) = xy.
Now r(x)r(y) = α(e)xy = α(e)ef xy = α(e)ex · f y = α(e)α(f )exy = α(ef )exy = ef · e · ef xy = ef xy = xy.
Corollary 3.2. Let S be a commutative semigroup with the ideal retraction property and let φ: S → T be a homomorphism of S onto a semigroup T . Then T has the ideal retraction property.
Proof. Let E S and E T denote the idempotent semilattice of S and T respectively. Note that if e ∈ E S and f = φ(e), then
It follows from 4.5 of [2] that E T has the ideal retraction property.
We conclude from the structure Theorem 3.1 that T has the ideal retraction property.
While the ideal retraction property is homomorphic from the above result, it is not hereditary as demonstrated in the following example. it is inherited by ideals.
Proposition 3.4. Let S be a semigroup with the ideal retraction property and let I be an ideal of S. Then I has the ideal retraction property.
Proof. Let J be an ideal of I. Then, according to 1.13 of [2] , J is also an ideal of S. Let r: S → J be a homomorphic retraction. Then r|I: I → J is a homomorphic retraction of I onto J.
If S is a semigroup and e ∈ E, then we denote C(e) = {x ∈ S: x n = e for some positive integer n}.
A semigroup S is said to be periodic provided that for each x ∈ S, there exists e ∈ E such that x n = e for some positive integer n.
Lemma 3.5. Let S be a commutative periodic semigroup with the ideal retraction property.
Then C(e) = C 2 (e) for each e ∈ E.
Proof. Let x ∈ C 2 (e). Then x 2 ∈ H(e) so that x n = f for some n and some f ∈ E, since S is periodic. Thus x 2n = f and x 2n ∈ H(e). It follows that e = f , and x ∈ C(e). We conclude that C 2 (e) ⊆ C(e).
Now let x ∈ C(e). Then x n = e for some n. Since S has the ideal retraction property, x 2 ∈ H(f ) for some f ∈ E from the structure theorem. Now x 2n = e ∈ H(f ), and again e = f . It follows that C(e) ⊆ C 2 (e).
A semigroup S is said to have the ideal extension property provided that for each subsemigroup T of S and each ideal I of T , there exists an ideal J of S such that J ∩T = I.
Proposition 3.6. Let S be a commutative periodic semigroup with the ideal retraction property. Then S has the ideal extension property.
Proof. From the structure Theorem 3.1, and from Lemma 3.5, we have S = e∈E C(e).
Since S is periodic, it is clear that each H(e) is a torsion group. Employing 3.3 of [1] and Theorem 3.1, we conclude that S has the ideal extension property.
